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Instructions : Check that the paper carries at least 35 marks. Maximum marks you can
get is 35.

1. Let Q : R* — R be any C" function. Let a bounded open subset of R? have the
form

G={(r,y):a<x<b, filzr)<y< folr)},
={(z,y):c<y<d, q(y) <z < gay)}

where fi1, fo @ [a,b] — R, ¢1,92 : [¢,d] — R are suitable continuous functions
satisfying fi(z) < fao(zx) for z in (a,b) and g;(y) < g2(y) for y in (¢, d). Prove Greens

theorem namely
//8—de dy:/Qdy
ox
a G

where OG is traced in the anticlock wise direction. 6]
2. Let f:[0,00] X R — R be given by

Oifr=00ry=0
Floy) = yif 0 <y < x
YT —y 2T if VT <y<2VT

0 otherwise
Extend f to R x R by demanding f(—z,—y) = —f(z,y) for all x,y.
1
Define G(z) = [ f(z,y)dy
1
1 s
Show that G'(0) # fl 9 (0,y) dy 8]
3. Let f:(0,1) x (0,1) — R be given by
22 —
f(z,y) = @+ )
Show that both the iterated integrals

1 1

j / fae| v, [ | [ fa)dy| o

0 0

exist but are not equal. 6]



4. Let g : [a,b] X [¢,d] — R be any continuous function. You can assume that
b

o(z fgxydy,w —fga:y)dx ¢ :la,b] — R, ¥ : [c,d] — R are
contlnuous Also assume that f [ g(z,y)dzdy exist. Show that all the three
[a,b] X[c,d]
bd drb
integrals [ [ g(z,y)dzdy, f{f g(x,y)dy] dx, f[f g(x,y)dx] dy are equal.
[a,b] X[c,d] a Le ¢ La

8]

. Let k: (a,b) — R be any bounded continuous function. Let a < a,, < b,, < b and
a, — a, b, —b.
bn
(i). Show that lim [ k(t)dt exists.
n—oo an

(ii). Show that the limit is independent of the sequences of ay, b,.

[2+2]
. Let g,(z) = x(1 — %)™
1
(@) Find [ g(a)de (0) For fa) = n gu(a)
Show that lim f fn(z)dz and f [hm fol(z )} are different. [141]
. (a) Let (X,d) be a metric space. g1, g2, - : (X,d) — R are bounded continuous

functions. D be a dense subset of (X, d). Assume that sup | gx(z) — h(z)] — 0
D

S
as k — oo for some bounded function A : D — R. Show that h has a continuous
extension to the whole of X. [4]

(b) (Hint). For g : (X,d) — R any bounded continuous function,

ig}gl g(x)] < zlelp! 9(y)l 1]

(¢) Let b : (0,1] — R be given by h(z) = sin(1). Show that no one can find a

sequence of polynomials py, pg,- -+ such that 0 = lim  sup | p,(x) — h(z)]  [2]
"4 in (0,1]



